In this paper, we will prove Itô's formula for Brownian motion in the case of f ∈ C 2 (R) , using a discrete Itô's formula.
Introduction
Let {Z t ; t = 0, 1, · · · } be a Z -valued symmetric random walk, that is, Z 0 = 0, Z t = ξ 1 + ξ 2 + · · · + ξ t where ξ 1 , ξ 2 , · · · are independently and identically distributed with P [ξ 1 = 1] = P [ξ 1 = −1] = 1/2. We have the following.
Lemma ( Discrete Itô's Formula )
For any f : Z → R and any nonnegative integer t, it holds that
This is called a discrete Itô's formula. It was discovered by the first author. The proof is very easy. We only have to consider the difference between the left-hand side(henceforth, abbreviated LHS) and the second term of the righthand side(henceforth, abbreviated RHS) of the above equation. For the details of this discrete Itô's formula, see [1] , [2] , [3] . In the next section, we will give a proof of Itô's formula for Brownian motion in the case of f ∈ C 2 (R) using the above discrete Itô's formula. It seems natural that Itô differential formula can be approximated by the discrete Itô (Itô difference) formula. In the proof, it is important that how we approximate Brownian motion by random walks. For the approximation method, the reader is referred to Itô and Mckean [4] section 1.10 .
Let us begin the proof. As it is well-known to anyone who has proved Itô's formula, it is sufficient that we show
where f ∈ C 2 (R) has a compact support and t > 0. So we suppose that f ∈ C 2 (R) has a compact support and fix t > 0. We will introduce an approximation to Brownian motion by random walks. For n = 1, 2, · · · , define that τ n,0 := 0 ,
Then by the strong Markov property of Brownian motion, τ n,i − τ n,i−1 (i = 1, 2, · · · ) are independently and identically distributed. And so are W τn,i − W τn,i−1 (i = 1, 2, · · · ). In addition to that, it holds that 
Then if we let s → ∞, we can obtain (4). Furthermore, by the above-mentioned facts, {τ n,i − i t 2 2n ; i = 0, 1, 2, · · · } is a martingale. Thus, by (4) and the submartingale inequality, it holds that P sup
So if we apply Borel-Cantelli lemma, we obtain that
Then by (6) and the uniform continuity of a continuous function defined on a compact interval, it follows that
Here by the discrete Itô formula and appropriate scaling, we obtain that
First, by (7), the LHS of (8) converges to f (W t ) − f (0) almost surely as n → ∞. Next, we can show that the second term of the RHS of (8) converges
In fact, we have that
The second term of the RHS of the above inequality converges to zero a.s. as n → ∞, because f (W s ) is Riemann integrable on [0, t]. As for the first term of the RHS, when we put it as A n and represent second order remainder terms of Taylor expansion in integral forms, we have the following.
Here it holds that for x, y ∈ R,
So we obtain that
By the uniform continuity of f and (7), the RHS of the above inequality converges to zero a.s. as n → ∞. Therefore, the second term of the RHS of (8) converges to
Last, let us show that the first term of the RHS of (8) converges to t 0 f (W s ) dW s in probability as n → ∞. We define that
Then the first term of the RHS of (8) can be written as τ n,2 2n 0 H n (s) dW s . Let ε, δ be strictly positive. First, we have
Here, 
As for the first term of the RHS of (9), we have the following upper bound by the mean value theorem(with θ = θ(W τn,i ) and |θ| < 1), Hölder's inequality and (4):
